We define A-polynomial n-tuple for a link of n-components and apply them to construct hyperbolic link manifolds with non-integral traces.
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In this paper we show that a similar method also works for constructing hyperbolic link manifolds with non-integral traces. Namely we start with a hyperbolic link manifold with at least n ≥ 2 boundary tori T 1 , . . . , T n . By [5] each fixed T j contains at least two distinct boundary slopes which bound embedded essential surfaces in M disjoint from all other boundary components of M . If r j ⊂ T j is such a boundary slope and if M (T j , r j ) (the Dehn filling of M along the torus T j with the slope r j ) is a hyperbolic link manifold (or a hyperbolic knot manifold if n = 2), then very likely M (T j , r j ) has non-integral traces. To find such boundary slopes we make use of the A-polynomial n-tuple for a link manifold with n boundary tori.
We now define the A-polynomial n-tuple for an n-component link, which is a natural generalization of the A-polynomial for a knot introduced in [3] . As in [4] , for any compact manifold M , R(M ) = {ρ; ρ : π 1 (M )→SL 2 (C) a homomorphism} denotes the set of SL 2 (C) representations of π 1 (M ), X(M ) = {χ ρ ; ρ ∈ R(M )} denotes the corresponding set of characters. Let L = K 1 ∪ K 2 ∪ · · · ∪ K n be a link of n components in a closed 3-manifold W . Let M be the link manifold which is the exterior of L in W . Let T 1 , . . . , T n be the boundary tori of M corresponding to K 1 , . . . , K n respectively. Let µ j be an oriented essential simple closed curve in T j which is a meridian of the knot K j . Fix another essential simple closed curve λ j in T j such that the geometric intersection number of µ j and λ j is 1. Orient λ j using the right hand rule (so that the cross product of the orientations of µ j and λ j has the direction pointing inward the manifold M ). Then B j = {µ j , λ j } is a basis of
Let i * j : X(M )→X(T j ) be the regular map induced by the inclusion induced homomorphism i # j : π 1 (T j )→π 1 (M ). Note that in the knot manifold case, i.e. when j = n = 1, i * 1 (X(M )) is always at most one dimensional in X(T 1 ) = X(∂M ). But when n ≥ 2, it is possible for i * j (X(M )) to be two dimensional. In order to associated a two-variable polynomial to i * j (X(M )), we need to algebraically cut out a 1-dimensional subset from i * j (X(M )). This cutting should be canonical and retain as much interesting information as possible about the manifold M . Motivated by [5] , we propose the following cutting procedure. For each element γ ∈ π 1 (M ), let f γ be the regular function on the character variety 
Lemma 1.
The dimension of V j as a subvariety of X(T j ) is at most one.
Proof. Suppose otherwise that V j is two-dimensional. Then for any primitive element α j of π 1 (T j ), f αj cannot be a constant function on V j . Therefore the subvariety U j of V j defined by f αj = c is at least one-dimensional for some choice of constant c. Further if β j is a primitive element of f µ k and f λ k are both constantly equal to zero on C for each k = j. Also f αj is a constant function on C but f βj is not. These conditions imply, by [4] , that there is a properly embedded essential surface F in M associate to some ideal point of the curve C, as defined in [4] , such that F is disjoint from T k for all k = j and has boundary slope on T j represented by α j . But α j is an arbitrary primitive element of π 1 (T j ). Therefore there are infinitely many boundary slopes on T j bounding embedded essential surfaces in M disjoint from all other boundary components T k . But this contradicts a result of [8] which asserts the finiteness of such boundary slopes.
For the fixed component T j of ∂M and the given basis B j = {µ j , λ j } on T j , let q j : R(T j )→X(T j ) be the canonical quotient map, let Θ j be the set of diagonal representations of π 1 (T j ), i.e.
Then Θ j is a subvariety of R(T j ) and q j | Θ j : Θ j → X(T j ) is a degree 2 surjective map. We may identify Θ j with C * × C * through the eigenvalue map
to be the defining polynomial of the plane curve D j with no repeated factors, normalized so that it is in Z [u, v] , which is well defined up to sign (the common factors of the coefficients of A j (u, v) are ±1). When V 1 j is an empty set, we define A j (u, v) to be the constant one and call it trivial.
The reason that the polynomial A j (u, v) has integer coefficients is similar to that given in [3, 2.3] , noticing that all the equations f µ k = 0, f λ k = 0 are defined over Q, besides those algebraic sets and regular maps involved in the definition of the polynomial.
In this way we get a polynomial
is the n-tuple of bases. To express explicitly this association, we may write the polynomial n-tuple as
Note that for the basis B j = {µ j , λ j }, if we change the orientation of µ j , then we need to change the orientation of λ j as well, by our requirement on a basis (the right hand rule). But A j (u, v) is invariant under such change. If W is a homology 3-sphere, we always choose B j = (µ j , λ j ) to be the standard meridian-longitude basis, considering K j as a knot in W . Under this convention, we may drop B from the notation of the A-polynomial n-tuple and consider the A-polynomial n-tuple
Remark 2. The C-polynomial for a knot was defined in [11] . It can be similarly generalized to a C-polynomial n-tuple for a link of n components.
Here are some key properties of an A-polynomial n-tuple. Recall the Newton polygon of a two-variable polynomial a ij u i v j is the convex hull in R 2 of the set {(i, j); a ij = 0}. The slope of a side of the Newton polygon is called a boundary slope of the polygon. 
tor whose Newton polygon has at least two distinct boundary slopes, for each
Proof. The proof that boundary slopes of the Newton polygon of A j (u, v) correspond to boundary slopes on T j is similar to the proof of [3, Theorem 3.4] . The proof for the assertion that these boundary slopes of T j bound properly embedded essential surfaces disjoint from T k for all k = j is similar to that of Lemma 1. We omit the details. Part (2) follows from [5] . In fact, let X 0 be a component of X(M ) which contains the character of a discrete faithful representation of π 1 (M ). For any fixed j, it was shown in [5] that the subvariety of X 0 defined by the equations f µ k = 0, f λ k = 0, for all k = j, has a 1-dimension component W 0 such that W 0 contains the discrete and faithful character and that on W 0 , the function f αj is non-constant for any nontrivial element α j of π 1 (T j ). Therefore i * j (W 0 ) is one dimensional and thus the set V 1 j in the definition of A j (u, v) is non-empty. Moreover there are at least two distinct boundary slopes associated to the factor of A j (u, v) corresponding to the component W 0 . This follows from [5] as well. Again we omit the details.
Remark 4.
If the Newton polygon of an irreducible factor a(u, v) of A j (u, v) contains at least two distinct boundary slopes, then it can be used to define a norm on H 1 (T j ; R). If the Newton polygon of an irreducible factor a(u, v) of A j (u, v) contains only one boundary slope, then it can be used to define a semi-norm on H 1 (T j ; R) and the corresponding slope on T j can be named as a semi-norm slope associated to a (u, v) . This can be done as in [2] where knot manifolds were considered. Now we proceed to construct concrete examples of hyperbolic knot manifolds with non-integral traces, using the method indicated earlier. Let L = K 1 ∪ K 2 be the 2-bridge link in S 3 shown in Fig. 1(a) . Let M be the link manifold which is the exterior of L in S 3 , and let T 1 , T 2 be the two torus boundary components of M corresponding to K 1 and K 2 respectively. Then M is a small link manifold [7] (here small means that M contains no closed essential surfaces) and hyperbolic (this assertion can be checked using Week's Snappea program, and can also be proved directly). Each torus T j is given the standard meridian-longitude basis (µ j , λ j ) obtained by considering K j as a knot in S 3 . We show Theorem 5. Let M be the exterior of the 2-bridge link shown in Fig. 1(a) . Proof. We first calculate the A-polynomial 2-tuple of L with respect to the standard bases. From the link projection in Fig. 1(a) , we read off a presentation for the fundamental group of M (a Wirtinger presentation):
This presentation can be simplified to one with two generators, the x and y, and one relation which is 
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We can also read off the expression of the longitude λ j of the component K j in terms of x and y. From Fig. 1(b) we get
and from Fig. 1(c) we get
Now we are going to find a 1-dimensional subvariety R 1 of R(M ) such that the image of this subvariety under the canonical map q : R(M )→X(M ) is the subvariety of X(M ) defined by f µ2 = 0, with no components consisting of only reducible characters. Note that x is our choice of the meridian µ 1 for K 1 , and y is the meridian µ 2 for K 2 . One can easily see that every irreducible representation ρ of π 1 (M ) with the trace of ρ(y) = ±2 can be conjugated so that its image is of the form ρ(
and substitute X and Y into the single relation of π 1 (M ). We thus get the subvariety which consists of three 1-dimensional components defined by the following three two-variable polynomials respectively (we use the Maple program for the calculation):
(Note that points in C 1 , C 2 , C 3 , with u = 0 are not contained in R(M ). But there are only finitely many such points. So strictly speaking, only an open dense subset of C 1 , C 2 , C 3 are contained in R(M ), which are irreducible quasi-affine curves. In other words, C 1 , C 2 , C 3 can be considered as irreducible curves in R(M ) only up to birational isomorphisms. This subtlety will not affect the calculation of the A-polynomial 2-tuple.) Obviously f µ1 is not constant on each of the three curves. Using Maple, one can also easily check that f λ1 is not constant on the first two curves C 1 or C 2 , but is constant on the third curve C 3 , and that f λ2 is constantly equal to zero on all the three curves. Hence we have actually q(R 1 ) = Y 1 (M ), where R 1 is the union of C 1 , C 2 and C 3 (again this is defined only up to birational isomorphisms). It also follows that one of C 1 and C 2 contains a point corresponding to a discrete faithful representation of π 1 (M ).
To find Corresponding to the curve C 3 , we have the factor
The Newton polygons of a 1 (u, v) and a 2 (u, v) have the same set of boundary slopes, which are µ We can check using the Snappea program that the filling of M along T 1 with each of the three boundary slopes yields a hyperbolic knot manifold. One can also prove directly that at least one of the fillings with slopes µ −2 1 λ 1 or µ 7 1 λ 1 is hyperbolic, applying [6] .
We shall only show that Dehn filling of M along T 1 with the slope r = µ −2 1 λ 1 yields a hyperbolic knot manifold with non-integral traces; the same assertion for the other two slopes can be proved similarly. Note that any discrete faithful representation ρ of M ((T 1 , r) ) is contained, up to conjugacy, in C 1 or C 2 . For ρ(µ 2 ) has to be a parabolic element and ρ(λ 1 ) has to be a hyperbolic element. Now from ρ(r) = I, we get an additional equation, v − u 2 = 0, for the eigenvalues u and v of ρ(x) and ρ(y) respectively. Together with the polynomial equation a 1 (u, v) = 0 or a 2 (u, v) = 0, we see that the eigenvalue u of ρ(x) has to satisfy the equation (if ρ is contained in C 2 ). Both equations are irreducible over Z. Therefore u is not an algebraic unit, in either case. Thus tr(ρ(x)) = u + u −1 cannot be an algebraic integer. Hence ρ has non-integral traces. The proof of the theorem is now complete.
Remark 6. For any two bridge link in S 3 , its A-polynomial 2-tuple is calculable with the method given in the proof of Theorem 5. So presumably one could construct an abundance of examples of hyperbolic knot manifolds with non-integral traces.
